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Broadband laser materials and the McCumber relation
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The McCumber relation can be deduced without assuming that all active centers have the same structure
of sublevels. The range of validity of the McCumber relation is the same as that of the effective emission

cross-section.

OCIS codes: 140.3580, 160.3380, 000.6850, 300.2140, 300.1030, 999.9999 (McCumber relation), 999.9999

(ytterbium-doped oxyorthosilicates).

The concept of effective cross-sections allow to treat the
laser medium as a two-level system. Such a concept is
widely used; often, these effective cross-sections are called
simply “cross-sections”. The McCumber relation!™? ex-
presses the emission cross-seccion oq(w) in terms of the
absorption cross-section o, (w):

) = aaw) exp (2 )

where T is temperature, kg is Boltzmann constant and w,
is zero-line frequency, at which the emission and absorp-
tion cross-sections are equal. Equation (1) is validated
for various medial* 3!

The original deduction of the McCumber relation!!], as
well as the adaptation in the textbook!? assume, that
all active centers are equal. It cannot be applied “as is”
to the broadband laser materials with different “sites” of
the active centers. This allowed the interpretation of re-
sults for Yb : Gd2SiOsby citeslf—8! as an indication, that
the effective cross-sections of broad-band composite ma-
terials have no need to satisfy the McCumber relation:
the peak of o, at wavelength 950 nm corresponds to the
gap of o,. However, a medium with such effective cross-
sections would be good not only for an efficient laser, but
also for a Perpetual Motion of Second Kind[®1%. The cor-
rection of the emission cross-section!®19 was suggested
and confirmed!!]. In order to avoid such confusions, the
deduction of the McCumber relation should be general-
ized. After the presentation!®!, I was asked for the general
deduction of the McCumber relation as a substitute of
the speculation!’® about the gedanken experiment with
perpetual motion. Below, such a deduction is suggested.

In this paper, the generalization of the deduction of the
McCumber relation is suggested. It is shown that the
McCumber relation follows from the fundamental prop-
erties of the Einstein coefficients™2~19] and applies to
any material with fast transitions within each of two sets
of levels and relatively slow transitions between these two
sets.

The sketch of sublevels of active centers is shown in
Fig. 1. Consider two subsets of quantum states: level 1
and level 2. Assume slow optical transitions from level 1
to level 2. (This property makes the medium suitable for
a laser action.) Assume quick transfer of energy between
neighbors, which leads to the fast thermalization within
each of laser levels. Then, the refractive index!*® and
gainl! are determined by the populations n; and ng of
the laser levels. In this case, and only in this case, the ef-
fective cross-sections o, (w) and o(w) of absorption and
emission have sense.
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Use of effective cross-sections assumes the thermaliza-
tion of quantum states within each of laser levels. How-
ever, the population of the laser levels can be far from
a thermal state, allowing the lasing. The gain can be
expressed as

9(w) = ng oe(w) = n1 ga(w), (2)

where n; and no are population of lower and upper laser
levels.

Keeping the consideration phenomenological, the spon-
taneous emission can be characterized with the Einstein
coefficients[!2=1%]; the rate of emission of spontaneous
photons at frequency w can be expressed as a(w)na,
where a(w) is the probability of spontaneous emission by
a random active center per time per frequency, assuming
that it is excited. a(w) is equivalent of the Einstein coefli-
cient As1. Notation a is used here to avoid confusion with
the Einstein coefficient Aoy, which has no established ex-
pression (see notes at Table 7.7 of Ref. [13]); not only
value, but even dimensions of the Einstein coefficients
depend on scale we use: frequencies or wavelengths.

The decay rate 1/7 of the excited level can be expressed
in terms of the coefficient a:

= [ a) a. 3)

T

The cross-section 0,(w) and oe(w) and the coefficient
a(w) do not depend on the populations n; and ng of
the active medium and the density D(w) of photons
of frequency w. In this approximation, the properties
of the medium are determined by 3 functions o,(w),
oe(w) and a(w), and we have no need to consider
nonlinear processes!'”) which produce a given popula-
tion. Gain and refraction index as functions of fre-
quency are determined by the populations n; and ns.

1 upper laser “level”

m optical transitions

} 0 lower laser “level”

. 1. Sublevels of active centers.
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The functions a(w), o,(w) and o.(w) are equivalent of
the Einstein coefficients, but have an advantage: their
values do not depend on system of notations. In the fol-
lowing, the consideration of relations between Einstein
coefficients!'2719] is rewritten, taking into account sub-
levels (Fig. 1).

Functions o,(w), oe(w) and a(w) of frequency w are
related, as the Einstein coefficients are. These relations
can be found from the principle of detailed balance. Al-
though the expression (2) is good for a non-equilibrium
medium, it is valid also at the thermal equilibrium, when
the spectral rate of emission (both spontaneous and stim-
ulated) of photons at any frequency w is equal to that of
absorption.

Consider a thermal state. Let v(w) be group velocity
of light in the medium. The product nqoe(w)v(w)D(w)
is the spectral rate of stimulated emission, and
n10a(w)v(w)D(w) is that of absorption; a(w)ng is the
spectral rate of spontaneous emission. (Note that in this
approximation, there is no such thing as a “spontaneous
absorption”.) The balance of photons gives

na0e(w)v(w)D(w) + nea(w) = nyoa(w)v(w)D(w).  (4)
Rewrite it as

a(w)
e (w)v(w)
) 5)
ng 0e(w)

D(w) =

The thermal distribution of density of photons follows
from blackbody radiation!*3:

e e 1

o —— | —

P\ keT

Both Egs. (5) and (6) hold for all frequencies w. For the
case of idealized two-level active centers, o, (w) = 0e(w),

and ny/ne = eXp(kZ—“T), which leads to the relation

between the probability of spontaneous emission a(w)
and the emission cross-section o,(w)!*3l. (We keep the
term “probability of emission” for the quantity a(w)dwdt,
which is probability of emission of a photon within small
spectral interval (w,w + dw) during a short time interval
(t,t 4+ dt), assuming that at time ¢ the atom is excited.)
The relation (6) is fundamental property of spontaneous
and stimulated emission, and, perhaps, the only way to
prohibit a spontaneous break of the thermal equilibrium
in the thermal state of excitations and photons. For each
site number s, for each sublevel number j, the partial
spectral emission probability as ;(w) can be expressed

from consideration of idealized two-level atoms 12

w?v(w)

(7)

as.j (W) = 05,5 (W) =5 5~

Neglecting the cooperative coherent effects, the emission
is additive: for any concentration ¢, of sites and for any
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partial population ns; of sublevels, the same propor-
tionality between a and o, holds for the effective cross-
sections:

alw)  w?u(w)

(8)

oo(w) 723

m oa(w) _ exp<ﬁ_w> . 9)

This relation is equivalent of the McCumber relation (1),
if we define the zero-line frequency w, as solution of equa-

tion (@) = eXp( IZM%) ; the subscript “T” indicates
T B

ni

that the ratio of populations evaluated in the thermal
state with temperature T. The zero-line frequency can
be expressed as

w, = kel In (E> . (10)
h T

We see, no specific property of sublevels of active
medium is required to keep the McCumber relation. It
follows from the quick transfer of energy among excited
laser levels and among lower laser levels. The McCumber
relation (1) has the same range of validity, as the concept
of the emission cross-section itself.

The zero-line frequency is determined by Eq. (10) in
terms of ratio (nz/n1)r of populations of levels at given
thermal state with temperature T'. In general, w, de-
pends on the temperature. This dependence can be ex-
pressed explicitly in terms of energies of sublevels.

Consider first the homogeneous medium, and numer-
ate the sublevels as it is shown in Fig. 2. Let U be total
number of sublevels in the system. Let the variable j
numerate these sublevels. Let first L sublevels be in the
lower level, they correspond to values 0 < 57 < L—1.
The following U — L sublevels belong to the upper level,
they correspond to L < j < U—1. Let ¢; be energy of
the jth sublevel. Then, the thermal-equilibrium ratio of
populations

n9 j=L
f2) . (11)
<n1>T Lol hE]

For a medium with different active sites (Fig. 1), let s
numerate the kinds of a site. Let g5 be the concentration
of the sth site, and ¢,4,; be the energy of the jth sublevel
at the sth site. Then,

(12)
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Fig. 2. Scheme of numeration of sublevels.

heq,r+1 — heg,r
kgT

> 1, and the only zeroth term is important

At small temperatures, > 1,

FLE(Ll — FLE(LO
kT

in the summation. It is a typical case for the Yb-doped

laser materials, when the zero-line frequency corresponds

to the transition between the lowest sublevels.

The use of the formal expression (11) and, especially,
(12) requires the knowledge of the energy of sublevels. It
may be practical to determine the emission cross-section
from the spectrum of the spontaneous emission (which is
easier to measure) using Eq. (8). Then,

n2c3

(13)

Q
2.
£
I
=8
£

The integral of o.(w) can be checked using Eq. (3), while
the lifetime 7 is known. Then, the zero-line can be de-
termined by comparing the ratio of the cross-sections to
the exponential in the right-hand side of Eq. (9). The
deviation of the right-hand side of the expression

n1\  oe(w) < hw >

<n2)T oa(w) P kgT (14)
from a constant is a measure of the error of a descrip-
tion of a process in terms of the effective emission cross-
section. The strong deviation[—1% may indicate that the
effective emission cross-section o(w) has no sense, and
more detailed kinetic of excitations of various sites (or
may be even subleveles) should be taken into account!*s.

The McCumber relation (1) follows from the assump-
tion of fast redistribution of energy among laser sublevels.
Only in this case, the effective cross-sections can be used
to characterize the laser medium. Within this concept,
the inaccuracy of the McCumber relation at the tails of
the spectral lines discussed by Ref. [19] should be at-
tributed to the limitation of the effective cross-sections
as physical quantities.

The deduction suggested applies to broadband materi-
als with different sites. This approximation will be bro-
ken at low concentration of the active centers, as well as
at the excitation with very strong and short pulses. In
both cases, the different sites interact with electromag-
netic field faster than they exchange the energy. In any
of these cases, the medium cannot be characterized with
the single-valued emission cross-section function oe(w);
the effective cross-sections should be defined for each site,
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and the kinetic of the transfer of the excitations should
be considered.

The effective emission cross-section and the McCumber
relation have the same range of validity. The deviation
from a constant of the right-hand side of the estimate (14)
for the steady-state ratio of populations characterizes the
error of measurement of the effective cross-sections.

The author is grateful to Jean-Frangois Bisson, Su-
sanne T. Fredrich-Thornton, Ken-ichi Ueda, Akira Shi-
rakawa and Alexander Kaminskii for the important dis-
cussion. D. Kouznetsov’s e-mail address is dima@ils.
uec.ac.jp.
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