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Efficiency of pump absorption in double-clad fiber
amplifiers. III. Calculation of modes
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Using an analogy with quantum mechanics we employ a technique that enables us to calculate the efficiency of
an incoherent pump in general-geometry double-clad fibers. This approach yields accurate estimates of the
absorption rate of each mode of the pump in the first order of perturbation theory. Such estimates are com-
pared with results of numerical simulations reported recently. The comparison confirms the high efficiency of
a spiral-shaped cladding. © 2002 Optical Society of America

OCIS codes: 140.3510, 060.2320, 060.0060.
1. INTRODUCTION
The high efficiency of fiber amplifiers1–4 makes the ampli-
fication coefficient (for a weak input signal) and the out-
put power (for a strong input signal) almost proportional
to the power of the pump absorbed in the fiber. For
double-clad amplifiers, an appropriate configuration of
the core and cladding should provide effective coupling of
the pump light into the core. Analysis of the efficiency of
the absorption of pump light in double-clad fibers is im-
portant for the optimization of fiber amplifiers.

With good coupling, the effective absorption rate of the
pump can be estimated as Keff 5 vs0s/(s 1 S), where v is
the concentration of the active centers, s0 is the cross sec-
tion of the absorption, s is the area of core, and S is the
area of the cladding. The concentration v cannot be too
high because of collective effects.5 The area s should be
small enough to support single-mode propagation of the
signal. The area S should be large enough to enable good
coupling at the input of the multimode pump into the
cladding. So, the geometry of the double-clad fiber
should provide the maximum absorption of the pump in
the core for a given concentration v and given cross sec-
tions s0 , s, S.

For simple-geometry double-clad fibers, geometrical
optics6–8 gives satisfactory estimates of the efficiency of
absorption of the pump light in the core. This agrees
with experiment9 and with results of the wave-optical
approach.10 In previous papers10,11 we described the
method of approximate images (AIs), which allows for nu-
merical simulations of the paraxial scalar equation of dif-
fraction using the fast Fourier transform. It was shown
that a small spiral deformation of a circular cladding can
be as efficient as strong cuts12 for the mixing of the inco-
herent pump light. Simulations with AIs are not effi-
cient if the absorption rate K is small in comparison with
1/Ldif , the rate of change of the structure of the field due
to diffraction. It should be noted that this case is real-
ized in existing fiber amplifiers. This can be seen from
the following estimates. The highest signal gain of the
order of 5 dB/cm reported13,14 corresponds to a rate of the
absorption of the field of the pump of the order of K0
0740-3224/2002/061304-06$15.00 ©
' 1 cm21. Usually the effective absorption rate is sev-
eral orders of magnitude lower. At the same time, the ef-
fective rate of change Ldif

21 of the structure of the field of
the pump that is due to diffraction in double-clad fibers
can be estimated as a product of the numerical aperture
and the wave number k 5 2pn0 /l. This gives values of
the effective rate of change of the structure of the pump of
;104 cm21, which is at least 4 orders of magnitude
greater than the effective absorption rate. The
asymptotic behavior of the efficiency of absorption of the
pump light at realistic (i.e., small) values of K0Ldif can be
revealed from the simulations of Refs. 10 and 11. The ef-
fective rate of absorption of the pump is almost propor-
tional to the local absorption rate.6,10–12 Such propor-
tionality indicates that the effective absorption rate can
be calculated in the first order of perturbation theory
without having to deal with eigenfunctions of non-
Hermitian operators.15 First, modes of the unperturbed
(without absorption) fiber will be calculated. Next, the
effective operator of propagation will be diagonalized.
This is done numerically in this paper.

The usual finite difference approximation of the
second-order differential operator appearing in the
paraxial-equation description of the fiber waveguide leads
to an ill-posed problem. In this case, the largest nondi-
agonal elements of the resulting matrix are insensitive to
the distribution of the index of refraction in the fiber: We
would have to apply extremely high-accuracy arithmetics,
at least, to avoid the loss of information about the struc-
ture of the fiber at the first steps of the procedure of di-
agonalization. To avoid this difficulty, we expand both
Hamiltonian and eigenmodes in some system of smooth
basis functions. Sinusoidal harmonics allow us to em-
ploy fast sine-transform algorithms, and we take into ac-
count a finite set of sinusoidal harmonics. This corre-
sponds to some smooth truncation of the Hamiltonian. A
similar approach was analyzed in Ref. 16 mathematically;
it was shown that the error of such an approximation de-
creases faster than the inverse power of the number of
harmonics taken into account.

The result of approximations using an eigenfunction
2002 Optical Society of America
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expansion will be compared with a direct numerical
method. Comparison will be made for the efficiency of
coupling of the pump light into the core. We calculate
this efficiency by using the decoherence approximation
within the framework of the eigenfunction expansion of
the Hamiltonian and compare it with the results of the di-
rect simulations with the AI method.10,11

2. HAMILTONIAN AND DECOHERENCE
APPROXIMATION
Light propagation in a medium with variations of the di-
electric constant e is described by Maxwell’s equations

curl E 5 2
1

c
Ḣ, (1)

curl H 5
e

c
Ė 1 4psE, (2)

where E and H are the electric and magnetic fields, c is
the velocity of light, and we assume that the magnetic
susceptibility is equal to unity. Taking the curl of Eq. (1),
interchanging the order of the time derivative (dot) and
curl, and neglecting the term with the divergence gradi-
ent, div grad, we get the wave equation

2¹2E 5 2
e

c2 Ë 1
4ps

c
Ė.

For each spectral component of the field E
5 Re (v,eeEv,e exp(2ivt) we have the scalar equation

2 ¹2E 5
me

c2 v2E 1
4p

c
s~2iv!E,

where E 5 Ev,e . Setting v/c 5 k0 5 constant, we get
¹2E 1 ek0

2E 5 2i4psk0E. In the paraxial limit, set-
ting E 5 f(x, y, z)exp(ikz) and neglecting terms involv-
ing ]2f/]z2, we obtain the following equation:

f 8 5
1

2ik
@2D' 1 ~k2 2 ek0

2!#f 2
2psk0

k
f, (3)

where

D 5
]2

]x2 1
]2

]y2 , f 8 5 ~x, y, z !/]z.

Define the Hamiltonian

H 5 2D 1 U, (4)

where U 5 k2 2 ek0
2 can be interpreted as a potential of

a single particle in a two-dimensional quantum system.
The parameter K 5 2psk0 /k should be interpreted as
the local absorption rate. The evolution of the field of the
pump can be written as follows:

f 8 5
1

2ik
Hf 2 Kf. (5)

Assume that f(x, y, 0) is given. How do we find the dis-
tribution f(x, y, z)? Let $ cn , n 5 1, 2,...% be a set of the
normalized eigenfunctions of the Hamiltonian H. Then,
by analogy with quantum mechanics, the field f can be ex-
panded with respect to these functions:
f 5 (
n

Cncn expS 1

2ik
Enz D , (6)

where En $n 5 1, 2,...% are the corresponding eigenvalues
and Hcn 5 Encn . In the absence of absorption, Cn
5 constant, and the expansion of f at z 5 0 gives the so-
lution for any z.

In the presence of absorption, we should consider the
evolution equations for the expansion coefficients Cn :

Cm8 ~z ! 5 2(
n

Km,n expF i

2k
~Em 2 En!zGCn , (7)

where

Km,n 5 E dxdyKcmcn . (8)

(We have no need to take the conjugation of the mode c in
Eq. (8) as the modes can be taken as real functions.)

The typical value of 2k/uEm 2 Enu is the diffraction
length of the field. (At such a length of propagation, the
structure of the field changes significantly owing to dif-
fraction.) For multimode fibers with a wide aperture, such
a length can be several wavelengths, i.e., approximately a
few micrometers.

We expect the absorption in the core of a fiber amplifier
to be significant at lengths of the order of 1 cm or more,
even for the extremely high concentrations of the ampli-
fying dopant.13,14 Thus the exponentials in Eq. (7) oscil-
late very quickly in comparison with the variation of co-
efficients Cn . Then only the case with m 5 n in the sum
is significant. Neglecting rapidly oscillating terms, we
write simply

Cm8 5 2Km,mCm . (9)

In this approximation, each mode c decays with its own
rate, independently of other modes. (In the case of a de-
generate spectrum, for example, due to some symmetry,
we need to redefine the degenerate eigenfunctions in such
a way as to eliminate the off-diagonal matrix elements of
K.) There is therefore no need to solve the system of Eq.
(7), and we can consider the uncoupled Eq. (9) instead,
which has the solution

Cm~z ! 5 exp~2Km,mz !Cm~0 !. (10)

Now assume that the initial power of the pump is dis-
tributed uniformly among the first L modes. Then the ef-
ficiency of coupling of this power into the core can be es-
timated as follows:

h 5 1 2
1

L (
m51

L

exp~22Km,mz !. (11)

In addition to the analytic estimates of the validity of the
approximation above, it would be interesting to compare
such an estimate to an independent calculation. In Sec-
tions 4 and 5, we compare the estimate of Eq. (11) to re-
sults of the direct simulation of the propagation of a
paraxial pump.11 Before this we describe the procedure
for the evaluation of the diagonal elements of the matrix
K, with the simplest way being to diagonalize the Hamil-
tonian H. This will be subject of Section 3.
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3. DIAGONALIZATION OF HAMILTONIAN
The standard numerical approach is to discretize the La-
placian operator by use of a finite difference mesh. The
resulting matrix problem can be treated with the methods
of linear algebra. The disadvantages of such an ap-
proach are discussed in Section 1. To avoid in ill-posed
problem, we expand the modes c by using a set of har-
monic basis functions

F j~x, y ! 5
2

~AB !1/2 sin
pmx

A
sin

pny

B
, (12)

where j 5 $m, n%, m 5 1, 2,..., and n 5 1, 2,... . Con-
stants A and B define the size of the box in which the
eigenfunctions will be reconstructed. Physically such a
box is equivalent to a potential gap with infinite potential
walls, or to an ideally reflecting surface of the rectangular
outer cladding.

We approximate the Hamiltonian [Eq. (4)] with respect
to the basis [Eq. (12)]. The representation of the opera-
tor 2D is trivial:

^F j1
u2DuFj2& 5 d j1 ,j2F S p

A
m D 2

1 S p

B
n D 2G . (13)

For the representation of the potential, we apply the
trigonometric formula 2 sin z1 sin z2 5 cos(z12z2) 2 cos(z1
1 z2) to yield

U j1 ,j2
5 ^F j1

uUuF j2&

5
1

MN
E dmdnS cos

p~m1 2 m2!m

M

2 cos
p~m1 1 m2!m

M D
3 S cos

p~n1 2 n2!n

N

2 cos
p~n1 1 n2!n

M DUS Am

M
,

Bn

N D .

Replacing the integrals with discrete sums, we write

U j1 ,j2
'

1

MN
~Um12m2 ,n12n2

2 Um12m2 ,n11n2

2 Um11m2 ,n12n2
1 Um11m2 ,n11n2

!, (14)

where

Um,n 5 (
m,n

cos
pmm

M
cos

pnn

N
US Am

M
,

Bn

N D . (15)

Formulas (12)–(15) define the four-subscript matrix
H̃j1 ,j2

5 ^F j1
u 2 DuF j2& 1 U j1 ,j2

in the space of (M/2)
3 (N/2) 3 (M/2)(N/2) wave vectors. We take into ac-
count only components with transversal wave number p
5 $ px , py% such that upu < kmax 5 constant. To each
component we assign a single index j so that we avoid
working with four-index matrices. We then diagonalize
the restricted J 3 J matrix H with elements

Ha,b 5 ^FauHuFb&. (16)
Each element is related to the four-index matrix H̃
through the simple expression H̃$m,n%,$m1 ,n1%

5 Hjm,n jm1 ,n1
. The diagonalization returns an approxi-

mation to the eigenvalues E and the unitary matrix S
such that

~SHS†!a,b 5 Ebda,b , SS† 5 1. (17)

For each fixed b, Sa,b can be interpreted as an approxima-
tion of the eigenfunction of the Hamiltonian in the mo-
mentum representation:

(
m2 ,n2

Hjm1 ,n1 , jm2 ,n2
Sjm2 ,n2

,b 5 EbSjm1 ,n1 ,b
. (18)

The eigenmodes of the fiber can be reconstructed as the
sine transform of S:

cbS Am

M
,

Bn

N D 5 (
m,n

sin
pmm

M
sin

pnn

N
Sjm,n,b

. (19)

Equation (19) approximates the eigenfunction of the
Hamiltonian for b ! J, i.e., while the number L of modes
we calculate is small compared with the number J of ba-
sis functions we used in the expansion. (All eigenfunc-
tions are sorted by the eigenvalues.) In the examples be-
low, we take into account as many as 1800 basis
functions. We were able to calculate several hundred
modes accurately with such a basis. In this case, the di-
agonalization took several hours on a single processor of a
Silicon Graphics ONYX2 running at 300 MHz. Such a
run time is comparable with the simulation time of a
single realization by the AI method described in Refs. 10
and 11.

The algorithm above allows one to approximate the
eigenfunctions of the Hamiltonian H accurately by using
the harmonic basis. In Sections 4 and 5 we apply the
procedure above to calculate the efficiency of coupling of
pump power in fibers with different geometries.

4. FIBER WITH CIRCULAR SYMMETRY
The fiber with circular symmetry is a good test example of
the algorithm described above. Modes of the circular fi-
ber are highly symmetric, and any violation of the sym-
metry would indicate limits of applicability of the ap-
proximate eigenmodes.

Define the cylindrical coordinates r, f such that x
5 r cos f, y 5 r sin f. Let the dielectric constant be e
5 e1 5 n1

1/2 in the core (i.e., r , r0), and e 5 e2 5 n2
1/2 in

the cladding (r . r0). At the given wave number k, this
corresponds to the effective potential U1 5 U0 1 e1k0

2

5 constant in the core and U2 5 U0 1 e2k0
2 5 constant

in the cladding. Also, we need to include some external
cladding with a high enough potential U3 5 constant to
approximate the boundary condition E 5 0 at r 5 R0 .
To improve the approximation, we smooth the potential at
the scale of the step dx of the grid:

U 5
U1

1 1 exp@~r 2 r0!/dx#
1

U3

1 1 exp@~R0 2 r!/dx#
.

(20)
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The choice r0 5 4 mm, R0 5 20 mm, U1 5 20.44 mm22,
U2 5 0, and k 5 10 mm21 corresponds to the fiber simu-
lated in Ref. 11 with an AI. We take U3 5 3 mm22 to
make our modes decay efficiently outside of the inner
cladding. Physically, this situation corresponds to the
pump with wavelength l 5 2p/k0 5 0.98 mm, with n0
5 1.5, n1 5 n0 1 0.0033, n2 5 n0 , n3 5 n0 2 0.0225.

Figure 1 shows the first hundred eigenvalues of the op-
erator H estimated with different J. This calculation cor-
responds to A 5 B 5 51.2 mm, dx 5 dy 5 0.2 mm at
kmax 5 1 mm21, large circles; kmax 5 1.5 mm21, interme-
diate circles; kmax 5 2 mm21, small circles; kmax
5 3 mm21, dots. For each case the corresponding num-
ber of basis functions taken into account are J 5 195,
447, 803, 1830. Eigenvalues estimated in the last two
cases are so close that the difference is hard to see at the
resolution of the graphics. We estimate that we have at
least 300 correctly approximated modes.

The solid curve corresponds to the asymptotic estimate

Ej 5 4j/~kR0!2, (21)

which ignores the core.
The efficiency of the coupling of the power of the pump

into the core can be estimated from Eq. (11). This esti-
mate is compared with results obtained by other methods
in the lower group of curves in Fig. 2, which represent the
efficiency versus dimensionless Z 5 K0z for various
cases. The lowest dashed curve represents the analytical
estimate based on geometrical optics10–12; the curve with
vertical bars represents the results of simulation of one
realization of the field with an AI. These two curves are
the same as in Fig. 2 of Ref. 11. Solid curves represent
the estimate by Eq. (20) with various number L of modes.
The lowest curve corresponds to L 5 300, the intermedi-
ate to L 5 200 and the upper to L 5 100. Although the

Fig. 1. Eigenvalues versus number of eigenfunctions for the cir-
cular double-clad fiber, estimated with kmax 5 1 mm21, 195 basis
functions, large circles; kmax 5 1.5 mm21, 447 basis functions,
medium circles; kmax 5 2 mm21, 803 basis functions, small
circles; kmax 5 3 mm21, 1830 basis functions, dots. The solid
line represents the estimate En 5 (kR0)2n.
distribution of initial power among the modes in the cha-
otic field used in Ref. 11 is not exactly uniform, the esti-
mate with 300 modes shows good agreement between the
two methods. We expect that as both the refractive index
step n2 2 n3 and the number L of modes increase, the es-
timate according to Eq. (11) will approach the lowest
dashed curve, which corresponds, as noted above, to the
limit of geometrical optics.

Note that the modes taken into account in this paper
are located mainly within the inner cladding. However,
for large numbers of modes and given n2 2 n3 , the high-
est modes tend to fill the full computational domain.
Then the efficiency of absorption of the pump light begins
to depend on the sizes A and B of this domain. Walls of
the domain cause some additional concentration of pump
light, increasing the efficiency. Physically, this could de-
scribe the role of rectangular outer cladding. In the
simulations described here, the numerical aperture of the
input signal is not greater than 0.1. At n2 2 n3
5 0.0225, most of the modes are localized inside the in-
ner cladding and decay fast outside. For these modes,
the step between the inner and the outer cladding acts
like a mirror. This is why one observes good agreement
between calculations based on simulations using AIs and
the estimate based on the mode expansion [Eq. (11)].

5. SPIRAL CLADDING
The example of the previous section is important as a test
of the algorithm of diagonalization of the Hamiltonian.

Fig. 2. Efficiency h versus dimensionless length of propagation
Z 5 K0z. The lower group of curves corresponds to the fiber
with circular symmetry; dashed curve, estimate on basis of geo-
metric optics10,11; vertical bars, AI simulation11; solid curves, cal-
culations based on first order perturbation theory with respect to
K0 by Eq. (11) with J 5 300 (lowest), J 5 200 (intermediate), J
5 100 (highest). The same conditions as in Fig. 1, i.e., 1830 ba-
sis functions, were used to diagonalize the Hamiltonian. The
upper group of curves corresponds to the fiber with spiral clad-
ding by Eq. (22) and offset core; dashed curve, case of ideal mix-
ing of pump,10,11 h 5 1 2 exp@22K0(r0 /R0)2z#; vertical bars, AI
simulation.11 Two solid curves represent the first order pertur-
bation theory calculations showing the first 150 modes (upper)
and first 300 modes (lower).
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Fig. 3. Distribution of amplitude of modes of spiral fiber with offset core. Modes 1–5, 51–55, 101–105, 151–155 are shown top row to
bottom row. Dashed outlines indicate the core and the cladding.
For practical applications, the case with broken symme-
try is more interesting, as asymmetric fibers provide more
efficient coupling of pump power into the core.

In this section we consider the same smooth spiral fiber
as in Ref. 11 and compare the results using diagonaliza-
tion of the Hamiltonian with results using simulations
with AIs.

Let the surface of the cladding be parameterized in po-
lar coordinates by the function R(f ). The choice

corresponds to Eq. (13) and Fig. 2(a) of Ref. 11 at a0
5 1 mm, b0 5 2.7 rad and coordinates of the center of
the core x0 5 212 mm, y0 5 0. Other parameters are
the same as in the example of the previous section, except

that in Eq. (20), we replace R0 with R(f ). Some modes
of such a fiber are shown in Fig. 3. Darker regions corre-
spond to larger amplitude of the field, according to the
scale of relative amplitudes plotted at the bottom of Fig.
3. In this figure the normalization Maxx,yuC(x, y)u 5 1
is used. Note the similarity in the texture of modes in
Fig. 3 and the speckle pattern shown in Fig. 1(b) of Ref.
12.

The estimate of the efficiency of coupling of the pump

power into the core by Eq. (11) for such a fiber is com-
pared with the results of the numerical simulations with
AIs11 in the upper group of curves in Fig. 2. Parameters
are the same as in Fig. 1. The upper dashed curve rep-

R~f ! 5 H R0 1 a0f, uf u < b0

R0 1 a0 sin fFp 1 b0

p 2 b0
~p 2 uf u! 2

p

~p 2 b0!2 ~p 2 uf u!2G , uf u > b0
, (22)
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resents the analytical estimate h 5 1 2 exp(2K0r0
2/R0

2z)
from Refs. 10–12 and corresponds to the case of ideal mix-
ing of the pump. Vertical bars correspond to the numeri-
cal simulation by the AI method; they reproduce the bar
curve from Fig. 2(b) of Ref. 11. (In that paper, the maxi-
mum transversal wave number was 2 mm21 at the initial
stage of generation of incident field; this would corre-
spond to J 5 400 at the given value of R0 . However, the
multiple iterations necessary to adjust this field to the fi-
ber slightly reduced the amount of effectively excited
modes, so the effective numerical aperture was ;0.15.)

Solid curves represent the case of the pump light dis-
tributed uniformly among the first 150 modes (upper solid
curve) and the case with 300 modes (solid curve slightly
below and which nearly coincides with the previous
curve). The difference is very small, and all these curves
are close to the case of the ideal mixing of modes. This
confirms the good mixing of the pump light in a fiber with
spiral cladding mentioned in Ref. 11. The efficiency of
absorption of pump light is only 4% less than in the case
of ideal mixing. Note that the chaotic double-truncated
fiber12 also shows an efficiency 4% less than the ideal
case. The cladding with small spiral distortion11 seems
to be more practical than the double-cut fiber,12 with re-
spect to both fabrication and coupling to the source of a
multimode pump.

6. CONCLUSIONS
The propagation of a multimode pump in a double-clad fi-
ber is considered in the paraxial approximation. The ab-
sorption of the pump light in the core is estimated in the
first order of perturbation theory by use of an analogy
with quantum mechanics. This leads to the simple esti-
mate of Eq. (11) for the efficiency of coupling of the pump
light into the core. This estimate is compared with the
numerical simulations11 reported recently. Figure 2
shows good agreement between both approaches. The
approximation developed seems to be valid for all re-
ported fiber amplifiers, even for the case of the highest ac-
ceptable concentrations of active centers in the core.13,14
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